We introduce a special class of powerful p-groups that we call powerfully nilpotent groups that are finite p-groups that possess a central series of a special kind. To these we can attach the notion of a powerful nilpotence class that leads naturally to a classification in terms of an 'ancestry tree' and powerful coclass. We show that there are finitely many powerfully nilpotent p-groups of each given powerful coclass and develop some general theory for this class of groups. We also determine the growth of powerfully nilpotent groups of exponent p 2 and order p n where p is odd. The number of these is f (n) = p αn 3 +o(n 3 ) where α = 9+4 √ 2 394 .
Introduction and basic properties
In this paper we study a special subclass of powerful p-groups that we call powerfully nilpotent p-groups. The notion of a powerfully nilpotent group originates from the theory of symplectic alternating algebras [4, 6] . The latter is a certain class of alternating algebras that were introduced to study powerful 2-Engel groups [2, 5] . There turned out to be a 1-1 correspondence between symplectic alternating algebras over GF (3) and a rich class of powerful 2-Engel 3-groups. Under this correspondence, the nilpotent symplectic alternating algebras correspond to powerful 3-groups with some special extra property that means having a central series of a certain kind. Singling out this property gives rise to powerfully nilpotent p-groups that turns out to be a rich subclass of powerful p-groups that exist for any prime p. As we will see the property is natural and leads to a class of p-groups with some beautiful properties. As another motivation we will see that these groups occur frequently as characteristic subgroups of any powerful p-group G. For example the Frattini subgroup of G will always be powerfully nilpotent and the same is true for all the proper terms of the derived series and the lower central series of G. Although we do not make any explicit use of GAP [7] in this paper, a number of GAP calculations provided insight for some of the results.
Let G be a finite p-group where p is a prime.
Definition. Let H ≤ K ≤ G. An ascending chain of subgroups Definition. A powerful p-group G is powerfully nilpotent if it has a powerfully central ascending chain of subgroups of the form
Remark. Let G be a powerful 2-group of exponent 2 e and consider the ascending chain
According to Shalev's interchange lemma [3] we know that if M, N are powerfully embedded subgroups of a finite
2 and thus the chain above is powerfully central and therefore G is powerfully nilpotent. Notice also that if
and thus G 2 e−2 ≤ Z(G) and the powerful class of G is at most e−1. Having seen that all powerful 2-groups are powerfully nilpotent we will normally assume in the following that a given prime p is odd except if otherwise stated.
Remark. For any prime p one sees from the same calculation that if [ 
Remarks.
(1) It follows from the discussion above that a strongly powerful group must be powerfully nilpotent.
(2) Let G be a finite p-group and let N be a subgroup of the Frattini subgroup Φ(G) where N is powerfully embedded in G. Then N is strongly powerful and thus powerfully nilpotent. To see this notice that
This implies in particular that if G is powerful then Φ(G) and more generally G p i for i ≥ 1 are powerfully nilpotent. The same is true for the proper terms of the derived and the lower central series.
(3) Let p be an odd prime. Consider any powerfully nilpotent group with a powerfully central chain
and each term of the chain is powerfully embedded in G. Notice also that each term is powerfully nilpotent. Clearly a quotient of a powerfully nilpotent group is also powerfully nilpotent. As for powerful groups the property of being powerfully nilpotent is not in general inherited by subgroups.
Definition. If G is powerfully nilpotent then the powerful nilpotence class of G is the shortest length that a powerfully central chain of G can have.
The upper powerfully central series. This is defined recursively as follows:Ẑ 0 (G) = {1} and for n ≥ 1,Ẑ
Notice in particular thatẐ 1 (G) = Z(G).
Remark. The upper powerfully central series is clearly the fastest ascending series that is powerfully central. There is however no canonical fastest lowest descending series that is powerfully central. It is easy to see that if G is powerfully nilpotent, then the powerful nilpotence class is the smallest nonzero integer n whereẐ n (G) = G.
If G/G p 2 is abelian then G is strongly powerful and thus powerfully nilpotent. It turns out that in order for G to powerfully nilpotent, it suffices that G/G p 2 is powerfully nilpotent. 
Thus G is powerful. We have seen above that a powerful 2-group is powerfully nilpotent and that the powerful class is then at most e − 1.
We can thus assume that p is odd. Suppose
is the upper powerfully central series for G/G p 2 , where
is powerfully central. Consider the descending chain
. . .
We know already that the first line gives us a powerfully central chain and as a result H 0 , . . . , H m are powerfully embedded in G. Using this fact and the interchange lemma,
It follows that we have a powerfully central chain.
. It follows from this and the powerfully central chain above that the powerful class of G is at most (e − 1)m. ✷ 2 The ancestry tree and powerful coclass Definition. Let G be a powerfully nilpotent p-group of powerful class c and order p n . We define the powerful coclass of G to be the number n − c.
A natural approach is to develop something that corresponds to a coclass theory for finite p-groups where coclass is replaced by powerful coclass. We are indeed going to see that there are only finitely many powerfully nilpotent p-groups of any given powerful coclass and this will follow from sharp bounds for the rank and the exponent in terms of the powerful coclass. More precisely, if G is a powerfully nilpotent p-group of rank r and exponent p e then r ≤ n − c + 1 and e ≤ n − c + 1. In this section we will prove the first inequality. For the 'classification' we introduce, for a given prime p, the ancestry tree where every powerfully nilpotent p-group occurs exactly once.
The ancestry tree. Let p be a fixed prime. The vertices of the ancestry tree are all the powerfully nilpotent p-groups (one for each isomorphism class). Two vertices G and H are joined by a directed edge from H to G if and only if H ∼ = G/Z(G) p and G is not abelian. Notice that this implies that Z(G) p = {1} and thus the powerful class of G is one more than that of H. We then also say that G is a direct ancestor of H or that H is a direct descendant of G, and we write H → G. Notice that a direct descendant is unique. A group H can however have a number of (even infinitely many) direct ancestors.
More generally, if for powerfully nilpotent groups H and G there is a chain
then we say that G is an ancestor of H and that H is a descendant of G. Notice that if H has powerful class c then H i has powerful class c + i.
A powerfully nilpotent group can thus have infinitely many direct ancestors.
Thus the group C p 2 × C p 2 has infinitely many generations of ancestors.
Remark. Suppose H is a powerfully nilpotent p-group of order p n(H) and powerful class c(H) and suppose G is a direct ancestor of H. Then G has powerful class c(G) = c(H) + 1 and order
where d(H) is the powerful coclass of H. Notice that we have equality if and only if
We now turn to the task of proving that the rank of G is bounded in terms of the powerful coclass.
Proof If j = 1 this is obvious. Suppose then that j ≥ 2. Pick first any
for some z ∈ H j−2 and by replacing x by xy −1 we can now assume that x p ∈ H p j−2 . If j = 2 we are done, otherwise a similar argument shows that we can replace x by a new element in
Continuing like this we see that we can eventually pick our x such that
We can then choose a 1 , . . . , a n ∈ G such that H i = a 1 , . . . , a i and such that a Definition. Let G be a powerfully nilpotent group of order p n and let L be an ascending powerfully central chain
n }| is called the pth power length of L.
Remark. We can thus think of s L (G) − 1 as the number of 'jumps' in the chain
If L is any ascending powerfully central chain as above then
Proof Suppose that L is the asending central chain
From Proposition 2.2 we know that we can pick elements a 1 , . . . , a n ∈ G such that H i = a 1 , . . . , a i and that a
and thus
a cyclic group of order p. Thus
Hence the result follows. ✷ Proposition 2.4 Let G be a powerfully nilpotent p-group of rank r and order p n . Then s L (G) = n − r + 1.
Proof As G p is the Frattini subgroup of G it follows that
The result follows from this. ✷ Remark In particular it follows that s L (G) does not depend on L. We will thus denote this number by s(G) and will call it the pth power length of G.
Lemma 2.5 Let G be a powerfully nilpotent group of powerful class c ≥ 2 then
and
In particular
and thus we get the contradiction thatẐ j (G) ≤Ẑ j−1 (G). The proof of the latter strict inequalities is similar.
p and thusẐ j+1 (G) =Ẑ j (G) that gives the contradiction that the powerful class of G is at most j ≤ c − 1. ✷ Theorem 2.6 Let G be a powerfully nilpotent p-group with rank r, powerful class c and order p n . Then r ≤ n − c + 1.
Proof Refining the upper powerfully central series we get an ascending powerfully central series
where |H i | = p i for i = 0, . . . , n and where
By Lemma 2.5 these c groups are distinct and thus c ≤ s(G) = n−r+1. Hence r ≤ n−c+1. ✷ Presentations of powerfully nilpotent groups. Let G be any powerfully nilpotent p-group of exponent p e , order p n and rank r. Suppose that
is a powerfully central series as given in the proof of Proposition 1.1. We can always refine such a powerfully central chain to get a chain of length r such that the factors are of order p. Without loss of generality we can thus assume that we have a powerfully central chain
such that |H i /G p | = p r−i for i = 0, . . . , r. We then have G = a 1 , . . . , a r for any choice of elements a 1 , . . . , a r ∈ G where H i = a i+1 , . . . , a r G p for i = 0, . . . , r. We would like to choose a 1 , . . . , a r so that the choice best reflects the structure of the group G.
As we saw in the proof of Proposition 1.1 we then get a powerfully central series
Omitting repetitions we get a chain where for each k = 0, . . . , e − 1 the length of the subchain between G p k and G p k+1 has length equal to rank(G p k ). Writing the groups in ascending order we get a chain of the form
where |K i | = p i for i = 0, . . . , n. We will now see how we can modify this further.
For 0 ≤ i ≤ r − 1 we have H i = H i+1 a i+1 and by Lemma 2.1 we can choose our generators a 1 , . . . , a r such that
if and only if a p i+1 = 1. Having done this we can then move all the generators that are of order p to the front of the others (keeping the previous order unchanged otherwise) and we still have that (1) gives us a powerfully central series. We can thus assume that for some 0 ≤ s ≤ r we have a 
and then p 4 th powers and so on, we eventually arrive at a set of generators a 1 , . . . , a r with some specific properties. If for 0 ≤ i ≤ r we let s(i) be the number of generators of order p i then
it is easy to see inductively that every element in G can be written of the form a
We thus see from this that
Notice that the number of generators of order p i is an invariant of the group, namely
Theorem 2.7 Let G be any powerfully nilpotent p-group of rank r,exponent p e and order p n . Then we can choose our generators a 1 , . . . , a r such that
and such that for
Moreover if we write the groups of this chain in ascending order without repetitions, then we get a powerfully central chain of the form
where |K i | = p i for i = 1, . . . , n and where the groups G, G p , . . . , G p e = {1} are included. Furthermore the generators satisfy relations of the form
G is then the largest finite p-group satisfying these relations and the relations a
The number of generators of any given order p i is also an invariant for the group G.
Proof Most of this has been proved already. The fact that G satisfies relations of the form given follows immediately from the fact that
. . , b r be the largest finite p-group satisfying the given relations in the variables b 1 , . . . , b r . The relations then imply that H is powerful and that the chain
is powerfully central and thus H is powerfully central by Proposition 1.1. It follows that
As G is clearly a homomorphic image of H it follows that |H| = |G| and thus H ∼ = G. ✷.
Definition. Consider a presentation of a group G = b 1 , . . . , b r satisfying relations of the form
for 1 ≤ j < i ≤ r where all the power indices are divisible by p and where furthermore p 2 |m k (i, j) when k ≤ i. To these we add relations of the form
for some positive integers e 1 , . . . , e r . We call such a presentation a powerfully nilpotent presentation.
Remark. We know from Theorem 2.7 that every powerfully nilpotent p-group has a presentation of this form.
Definition. We say that a powerfully nilpotent presentation is consistent if the largest finite p-group H satisfying the relations has order p e 1 p e 2 · · · p er .
3 Bounding the exponent in terms of the powerful coclass Lemma 3.1 Let G be any powerful p-group and let a, b ∈ G. For any integer k ≥ 0 we have
Proof. First suppose that p is odd. We prove this by induction on k. For k = 0 this is clear. Now suppose k ≥ 1 and that the result holds for smaller values of k. Using the Interchange Lemma we observe that [
We will be using this fact in the following calculations. By the induction hypothesis we have that [a
This proves the induction step and thus completes the proof when p is odd. When p = 2, the induction step is easier as
. Using this fact, the calculations as above show that, modulo [G
Lemma 3.2 Let G be a powerful p-group and suppose G = a 1 , . . . , a r and that
Proof It clearly suffices to show that for m ∈ {1, . . . , r} we have 
This finishes the proof. ✷
Let G be a powerfully nilpotent group and suppose that G p k has rank s ≥ 2. There exists a chain
that is powerfully centralized by G.
Proof Suppose G has rank r. By Theorem 2.7, we can pick our generator a 1 , . . . , a r such that for
we have a chain that is powerfully centralized by G. Furthermore the chain
is also powerfully centralized by G. Omitting repetitions we get a chain of the form
for some 1 ≤ i 1 < i 2 < · · · < i s ≤ r. We can do better than this. Using Lemmas 3. We thus have that
is powerfully central. ✷ Theorem 3.5 Let G be a powerfully nilpotent group of order p n , powerful class c and exponent p e . Then e ≤ n − c + 1.
Proof This is easy to see when G is cyclic so we can assume that the rank of G is at least 2. Let k be the largest non-negative integer such that the rank of G p k is greater than or equal to 2. Let r i be the rank of G p i for i = 0, 1, . . . , k and let p n 0 = |G p k+1 |. Notice then that e = k + 1 + n 0 n = r 0 + r 1 + · · · + r k + n 0 .
By Proposition 3.4 there exists for each 0 ≤ j ≤ k a descending chain
that is powerfully centralized by G. Adding up for j = 0, 1, . . . , k and using the fact from Hence e ≤ n − c + 1. ✷
As a corollary we get one of the central results of this paper.
Theorem 3.6 For each prime p and non-negative integer d, there are finitely many powerfully nilpotent p-groups of powerful coclass d.
